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INTRODUCTION

The notion of lattice matrices appeared firstly in the work, ‘Lattice
matrices’ by Give’on in 1964. A matrix is called a lattice matrix if its entries
belong to a distributive lattice. All Boolean matrices and fuzzy matrices are lattice
matrices. Lattice matrices in various special cases become useful tools in various
domains like the theory of switching nets, automata theory and the theory of finite
graphs . The theory of determinant of Boolean matrices appeared firstly in the
work of O. B.Sokolov . Since then, a number of researchers have studied the

determinant theory for Boolean matrices and lattice matrices.

B. Poplavskii introduced the notion of minor rank of a Boolean matrix and
discussed some of its properties. Further E. E. Marenich discussed the
determinant rank for matrices over a Browerian, distributive lattice with 1 and 0O
.The eigenproblems and characteristic roots of matrices over a complete and
completely distributive lattice with the greatest element 1 and the least element 0

were also studied .

Y. J. Tan discussed the eigenproblems of lattice matrices and provided the
least element for the set of all characteristic roots of a lattice matrix. Further, G.
Joy and K. V. Thomas discussed the eigenproblems of nilpotent lattice matrices
and introduced the concept of non-singular lattice matrices. Also, K. V.Thomas
and G. Joy studied the characteristic roots of different types of lattice matrices
and introduced the concept of similar lattice matrices. The least element for the
set of all characteristic roots of a lattice matrix is taken as the determinant of a
lattice matrix.

Lattice matrices in various special cases become useful tools in various
domains like the theory of switching nets, automata theory and the theory of finite

graphs .




1.PRELIMINARIES

Basic Lattice Theory
Definition 1.1 PARTIALLY ORDERED SET

A partially ordered set is an algebraic system in which a binary relation x

<y is defined, which satisfies the following postulates.

P1 For all x, x < x. (reflexive property)

P, If x <yandy <x, then x =y. (antisymmetric property)n
P3 If x <yandy <zthen x <z. (transitive property)
Example

e Any subset of R with usual order is a poset.

e Any collection of sets with inclusion relation is a poset.
Definition 1.2 LATTICE

A lattice L is a partially ordered set in which every pair of elements {x,y}
of L have a least upper bound or join, denoted by xV y; and a greatest lower

bound or meet, denoted by xAy.
Example

o LetS={12,3}
Then P(S)={@,{1}.{2}{3}.{1,2}{1,3}.{2,3},{1,2,3}}
(P(S), ©) is a poset
Define meet and join by
AAB=ANB
AVB=AUB

Then (P(S), ©) is a Lattice




e Let N be the set of all positive integers
x <y iff x dividesy
(N, <) is a poset
Define meet and join by
XAy=GCD(x,y)
xVy=LCM(x,y)
.Then (N, <) is a Lattice

Remark

For x,y, and z in any lattice L, the following identities hold:
(DxVy=yVX;xAy=yAX, (commutative laws)

2 xXVYWz=xV((yVz2);xAy)Az=xA(y A z), (associative laws)
B XV(XAY)=x; XA (XVYy)=x, (absorptive laws)

(4) xV x=x;XxAX=X. (idempotent laws)

Definition 1.3 LEAST AND GREATEST ELEMENT

If a lattice L has an element ‘a’ such that any element x of L satisfies the

inequality  a<X, then a is called the least element of L.

If a lattice L has an element ‘b’ such that any element x of L satisfies the

inequality b>x, then b is called the greatest element of L.
We use 0 and 1 to denote the least and greatest element of L respectively.
Remark

By the definition of the ordering of lattices, the least element 0 and the greatest

element 1 of the lattice L satisfy the identities:

(1)0AXx=0,0Vx=x




(2)1 Ax=x,1Vx=1 forall xeL.
Definition 1.4 DISTRIBUTIVE LATTICE
A lattice L will be called distributive if and only if it satisfies
1) XA(YV2=XAY)V (XAZ2)
2) XV(YAZ)=(xVyYy)A XV z)forx,y,zelL.
Definition 1.5 COMPLETELY DISTRIBUTIVE LATTICE

A lattice L is said to be completely distributive if for any x € L and any

family of elements {yi|i € I}, | being an index set , there are always
1) XA (Vie 1Yi ): Vie I(XAyi)
2) XV (Nie1Yi)=Nie 1(xVy i)

Definition 1.6 LATTICE MATRICES

A matrix is called a lattice matrix if its entries belongs to a distributive

lattice.
EXAMPLE:

Consider the distributive lattice L={0,a,b,c,d,1} whose diagram is as follows

a 0 d
d a b]isa Lattice Matrix
0 0 a

Then A=

10




2.THE ALGEBRA OF LATTICE OMATRICES

2.1. DEFINITIONS AND IMMEDIATE PROPERTIES
The set V,(L) of all column vectors over L forms a complete and
completely distributive lattice if we make the following definitions.

f < 77=xiSyiforaI|i

X1 V1]
E: H 17: N
xn yn-
X1Vy; ]
§Vn =
Xn VY
X1y,
SAn=] :
XnAYn

1

1
universal vector of VVn(L), respectively.

The vectors 0 and e are called the zero vector and the

0
LetO:[sl and e =
0

Let e; denote the vector in VVn(L) with 1 as ith coordinate, O otherwise. The

multiplication of the vector & by a scalar a in L is defined by

alx;

aé=

alx,

ET denotes the row vector whose transpose is & and the norm of the vector £ is

defined by &|| = VL, &;

A nonempty subset V of Vn(L) is called a vector space in VVn(L) if it is closed

under “V” and under multiplication by scalars (elements of L).

11




Let L be a complete and completely distributive lattice with the greatest
element 1 and the least element 0.The set M, (L) of all n x n matrices over L forms
a completely distributive lattice if we make the following definitions:

For A=(a;j ) , B=(bjj ), C=(cij ) in M, (L) define
AV B=Ce qa;; V b;; = ¢;j for1.j=1,2,....,n
AAB=Ce a;; Ab;j; = ¢ forij=1,2,...n
A<B & a;; <b;; forallij=1,2,...,n

Matrix multiplication in M, (L)

AB=C < Vi_i (ai A byj)= cij

Multiplication of matrix by a scalar

M=BsSAA aij = bl] for i,j=1,2,...,n.

Premultiplication of a vector £ by A

A E =N < V}Z=1 ( al'j A E]): n; for i=1,2,...n.

Let L be a distributive lattice with 0 and 1.The l.u.b, and g.l.b, of a,
b belonging to L will be denoted by a + b respectively .Let L, and a.b (or ab),
+(for n > 0) be the set of n X n matrices over L.We shall use early Roman capitals

as variables over Ly, and denote by a;;the element of L which stands in the (i,

th entry of A.

We define:

A+B=C iff ¢;= a;+b;

A<B iff A+B=B, ie.,iff a;<b;
ANB =Ciff¢;; = a;;. by;

A.B=AB=C iff Cij = Zaij. bl]

12




A=Ciff ¢;; =a;

ForaelL aA=aA=Ciff ¢;; =aAaq;
() (L))=1ifi=j

(1D (1,))=0 if i#

A° =, AT = Ak A

The following special properties, most of which will be useful in the sequel, are
derived immediately from these definitions:
a. The multiplicationin L :

(1) A(BC) = (AB)C,

(2) Al= 1A= A,

(3) A0 =0A =0,

(4) AP.AY = APH

(5) (AP )i= AP

b. The multiplication and addition in L :
(6) A(B+C)=AB + AC,
(7) (A+B)C =AC + BC,
(8) if A<B and C <D then AC<BD,
9 A+A=A

c. The transposition in L:
(10) (A+B) T=AT+ BT
(11) if A <B then AT<BT
(12) (ANB)" = AT N BT
(13) (A.B)T=BT. AT
(14) (A" = A.

d. L, as an algebra:

13




(15) L, is a distributive lattice with zero (0) and one (E) with respect to the
operations of N and +,
(16) L, is a semigroup with the identity element | (hence, L, is a

monoid) and with zero (0) with respect to the multiplication.

2.2. IMPORTANT PROPERTY OF THE POWERS OF Ln.
MATRICES

One of the most important properties of the algebra of L, -matrices is

given by the following theorem:

THEOREM 2.2.1
If S is any nonempty finite set of L, -matrices and L,( S) is the minimal set of L,

-matrices which includes S and is closed under multiplication and addition, then
L, (S) is finite.

L (S) is in fact the subalgebra of L, generated by S.)
PROOF:

Let T = {ai,az,...am } be the set of all the elements of L,which occur in the
matrices of S, and let L(T) be the set of all the elements of L which are obtained
by a finite number of multiplications and additions of elements of T (clearly, L
(T) is the sublattice of L which is generated by T). Since L is distributive, each
element of L (T) can be represented as a polynomial , i.e., as a finite sum of
monomials, each monomial being a finite product of elements of T. The
multiplication and addition in L are commutative and idempotent; thus,
every monomial in L (T) is equal to a monomial of the form (a;)®*,(a2)® ...(am)°"
where ei (for any 1 <i<m) is zero or one. Therefore, there are no more that 2™
unequal monomials and no more than 2 2™ elements in L (T) (i.e., the sub lattice
generated by a finite set of elements of a distributive lattice is finite; or, in other

words, any distributive lattice is locally finite). Now, each element of L, which
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occurs in an L,-matrix which is in Ln(S) is an element of L (T); hence, at most

(22m)"2 different matrices can be elements of L, (S). Anyhow, L, (S) is finite.

2.3 ORTHOGONAL LATTICE MATRICES

In this section, a generalization and development of R. D. Luce's discussion

on orthogonal Boolean matrices is given.

DEFINITION
An L, -matrix A is called a unit iff there is an L, -matrix B such that
AB = BA = 1. Aiis called orthogonal iff AAT=ATA=I.

LEMMA 2.3.1

(i} If CB = E then EB = E;

(ii) If EAB = E thenEB = E;

PROOF:

(1) It 1s always true that EB <E and C <E.
Therefore CB <EB, i.e., CB =E implies E < EB.
Thus, CB = E implies EB = E.

(if) This is a special case of (i).

THEOREM 2.3.2.

If A is a unit then A is orthogonal.

PROOF:

If A is a unit then there is a B such that AB = BA = | and therefore BTAT = AT
BT =1 too.

Hence, E = EAB = EBA = EBT™ AT = EAT BT, and therefore we have

[<ATA,

I<AAT, I<B"B and I<BB.

Thus, in order to prove that A is orthogonal, it is sufficient to show

15




that AT A <Iand AAT <Ihold, i.e., to show that AT A <BA and AAT < AB hold.
For this, it is suficient to show that AT < B.
Now, since I < BT holds, we have A T< ATB™B, but AT BT = | and therefore A T

<B holds and the theorem follows.

THEOREM 2.3.3.
If AB =1 then A and B are roots of I.

COROLLARY :2.34

If A has some inverse then A is a unit.

COROLLARY :2.35

A is orthogonal iff A is a root of I.

COROLLARY :2.3.6

A is orthogonal iff one of the following holds:

(i) for each B there is an X such that XA = B;

(ii) for each B there is an X such that AX = B.

we can derive a structural characterization of the orthogonal L, -matrices; and
furthermore, we can establish a connection between these and the n X n
permutation matrices which are the orthogonal L, -matriees whose elements are
0 and .

DEFINITION

a. A set {a1,a,,...an } of elements of L is a decomposition of 1 in L iff > a, = 1.
b. A set {a;,a2,...an } 0f elements of L is orthogonal iff aya, = 0 holds for any and
provided that v and p such that v#u. A"

c. A set of elements of L is an orthogonal decomposition of | in L iff it is
orthogonal and a decomposition of 1 in L.

16




d. Let A be a lattice matrix then {A1, Ao,..., A} is said to be a decomposition
of Aif Y, 4;=A

e. An L, -matrix A is an orthogonal combination of matrices iff there is an
orthogonal decomposition of 1 in L, {a;,a,,...am } ., and a set of L,-matrices, {As,
Ay, ... An}, such that A =) a/A,.

LEMMA:
A L,-matrix is orthogonal iff each row and each column of it is an orthogonal

decomposition of 1 in L.
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3.CHARACTERISTIC ROOT OF LATTICE MATRICES

3.1EIGENVECTORS AND EIGENVALUES

Definition: Relative Pseudocomplement

For a, b € L, the largest x satisfying the inequality a A x <b is called the
relative pseudocomplement of a in b, and is denoted by a —b.

The set V,(L) of all column vectors over L forms a complete and
completely distributive lattice if we make the following definitions.

§ < n=x; <y foralli

X1 V1]
E: . 17: .
xn yn-
xX1Vy;]
§Vn =
XnVYn
(X1 Ay,
SAn=]
X AYy,
(X1 = V1
§ > n= '
_xn - yn
0 1
LetO=|: and e =|: | The vectors 0 and e are called the zero vector and the
0 1

universal vector of VVn(L), respectively.

Let A € Mqy(L), an eigenvector of A is a vector & € V(L) such that,
Aé=A4¢§

18




for some scalar A. The element A is called the associated eigenvalue.

It will transpire that every element of L is an eigenvalue of every matrix A
and that a given eigenvector may have a variety of eigenvalues, in the classical
case only the zero vector has a range of eigenvalues and it is usual to stipulate
that an eigenvector is non-zero. In the case of matrices over a lattice there seems
to be no advantage in making this restriction and we shall therefore admit the
possibility that an eigenvector is the zero vector.

We first consider a given eigenvector of a matrix A in Mp(L) and determine

the range of its eigenvalues.

Theorem 3.1.1
Let A € Mn(L) and A be a given eigenvalue of A. Then

1. The set E(A, A) of the eigenvectors of A forms a subspace of Vn(L) with
the maximum element £*(A), namely the union of all eigenvectors of A,

and the smallest element O;

2. E50)=(he VATe) ~(L A"e).

Proof. (1) Proof is trivial

(2) we have

L(AeVATe) =(LA"e)=L((Ae) — (AA")) A ((ATe) — (LA")) )

= (heA ((he) —(1A")) ) A ((ATe) — (1A")) )
= (AeA LA"e ) A (ATe) — (LA"e)

=(AA" ) A (ATe) — (AA"e)

=AA"e

19




On the other hand, forany i € {1, 2, ..., n}, we have
(A((Ae VATe) =(LA"Me)))i
Vii(a;j A((Ae VAT e) » (LA™ e))))

Vizi(ag; A (( AV (Ve @) » (A e)f))

Since a;; <V (V7; a;;)) we have
(A((re VATe) >(AA"e)))i =Vi_(a;; A(AA™e);)

:(}\An+1 e)i :(}\An e)l-
Then

A((AeVATe) >(AAMe) =L A"e

Therefore (Ae VA Te) =(AA"e) € E(A, 1) and so E¥(A) >(Ae VA Te) =(L A

ne).
Now let £ € E(A, 1) .ThenAé=A1¢&, and so A1 &= 1A™ E< AA™ e. Therefore £<( he)

—(LA"e).

On the other hand, since
A=A & (AEi=AAgfori=1,2,...,n,

We have

ajANE<ANE <Afori,j=1,2,...,n,
And so

E<aj— Afori,j=1,2,...,n

Thus, we have

20




@S/\{l:l(aij —)A) =(V]n:1 ai]-) - A= (AT E)] —>7\f0l’j =1, 2, ..., N,

and so & <(A"e) — (Ae). Therefore, we have
E<((ATe) — (Ae)) A ((Ae) — (LAne)) < (ATe) — (ALAne)

And so
&< ((he) — (AA")) A ((ATe) — (RA"))

= (Ae v ATe) — (LA"e)
Hence
E*(L) = (ke v ATe) — (LA"e).
This proves the theorem.

Example 3.1.3

0.5 0.3

Consider the matrix A :[0 405

] over the fuzzy algebra [0,1] and the eigen

value A = 0.5. Then we have the maximum eigenvector £*(0.5) =G) but LA%
_(0.5
()

Definition

The subspace E(A, A) in Theorem 3.1 is called the A-eigenspace of A.

The following notations are used.
[a,b] ={x € L|a<x<b}isaninterval inL;

a’=a— 0.

Theorem 3.1.4.

Let A € Mn(L) and A € L. If the only eigenvector of A is the zero vector, then A
€ [0, [|A"I’].

Proof.

Suppose that the only eigenvector of A is the zero vector. For this A we have

21




E* (\) =0. That is, (Ae V ATe) — (AAne) = 0. But
LA"e < (he V ATe) — (AA")
we have AA"e = 0, and so A"e < A’e. Therefore ||A"||= eTA" <e™’e= 1 and

so ||A"] ‘> A”> A. This completes the proof.

Remark 3.1.5 Rutherford obtained the following result

A Boolean matrix A of order n has at most one eigenvalue whose only
eigenvector is the zero vector. If such an eigenvalue exists, it is||A"||’.

However, this result does not hold for matrices over a distributive lattice in

generally.

Example 3.1.6 Consider the lattice L = {0, a, b, c, d, 1} whose diagram is as

follows.

It is easy to see that L is a distributive lattice.

a 0 d
Now letA=|d a b|€ Mas(L)
0 0 a

1 a
Then ATe = <a> and Ale= <a).
1 a

Forany 4 € L, we have

Avi1 AAa
&*(X):(KCVATQ)—)(KAS’E):<A V a) —><A A a)
Avi1 ANa

22




1-(A1Aa) (A A a)
={(AV a)=(AAa)|={(AV a)= (1A a)
1-(1Aa) (A A a)

Therefore

0 0 a a
wf b0
0 0 a a
0 0 a
o R B )
0 0 a a
0 0 a
ol i)
0 0 a a

It is clear that A has two eigenvalues b and d whose only eigenvector is the zero
vector.

Next, we consider a given eigenvector & of a matrix A in M,(L) and determine
the range of its eigenvalues.

Theorem 3.1.7

Let A € Mn(L) and & be an eigenvector of A. Then the eigenvalues of & form a
sublattice of L consisting of the interval [A°, A*], where

A =Agl  and 1* = [[g]|—]|Ag]l.

Corollary 3.1.8
Let & be an eigenvector of A. Then & has a unique eigenvalue if and
only if
IAEI=lE|—lIAE].
Theorem 3.1.9
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If an eigenvector £ of A has the unique eigenvalue A, then every eigenvector 1| of
A with || 1 || >||€|| has a unique eigenvalue, namely A. In particular,the maximum
eigenvector & *(A) of A has the unique eigenvalue A.

Proof.
we have
A= [IAG]=l[E|—=lIAL]-

Therefore

Il={lAn[=ml[—={An[=m[] — A Aln])
= [l — 2
<[Iglf — A
= [[SI=lIAGI=IAS]=IAL] = A A S]]
0< A A [In[[=|An[[=[|An]].

On the other hand,||An||<|m||—||An||. Therefore [|An||=|m||—||An||. n has the
unique eigenvalue A. Since E¥(A)> & , we have|| £ *(V)|| > ||§||, and so & *(A) has the
unique eigenvalue A. This completes the proof.

Theorem 3.1.10.

If an eigenvector § of A € Mn(L) has the unique eigenvalue A, then 0 <\ <||A".
Proof.

Let & (L) be the maximum eigenvector of A and A° the minimum eigenvalue of
E *(A). Then & *(A) = (ke V ATe) — (AA"e) and A° =||AE *(M))|
Therefore,
A=20=[AE*M = A& *M)]  (because AL *(h) = A& *(1))
=e'(A&*(V) =e'(M(he V A'e) — (1A")))
=e"(LA"e)
=AeTAe =L || A",

so that A<|| Anl|. This proves the theorem.

Corollary 3.1.11.
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Let A € My(L) and A be an ecigenvalue of A. If A € [0, || A"|| ], then every
eigenvector of A has at least two eigenvalues. In particular, the maximum
eigenvector £*(A) of A has at least two eigenvalues.

Example 3.1.12.

Consider the lattice

L = {0, a, b, ¢, d, 1} whose diagram is as follows.

It is easy to see that L is a distributive lattice.

a 0 d
Now letA=|d a b|€ Ms(L)
0 0 a

Consider the the maximum eigenvectorsé *(1) for the eigenvalues A of A. Since
|A%||=a, we have b, c,d, 1 €[ 0, | A®||]. By the eigenvector & *(A) have at least
two eigenvalues for L =b, ¢, d and 1. In fact, the eigenvalues of § *(b) = & *(d) =
(0, 0, 0)T are all the elements in L, and the eigenvalues of & *(c) = & *(1) = (a, a,
a)" are the elements a, ¢ and 1. For A = 0, the eigenvector & *(0) = (0,d, 0)" has
two eigenvalues, namely 0 and a, For A = a, the eigenvector £*(a) = (a, 1, a)T has
the unique eigenvalue, namely the eigenvalue a.

We now suppose that A is a given element in L and  is a given vector in
V(L) and proceed to determine the matrix A such that & is an eigenvector of A
and A is the associated eigenvalue. Tan obtained the maximum matrix M(A, & ) in
T, &), where T (A, § )= {A € Mn(L)|AE = A }, and proved that the (i, j )th
element of M(A, &) is M(A, & )ij =& — (A A &). In the following we shall give
someproperties of the matrix M(A, & ).

Primitive eigenvectors.
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Definition

Let £ € Vn(L). £is call a primitive vector if all its non-zero components are

identical.Now let A € Mn(L), and £ € Vn(L) be a primitive vector. Then £ can

be written as follows:
¢=a(Vieue)
where a € L and a # 0, U is a nonempty subset of N = {1, 2, ..., n}.

If the primitive vector ¢ satisfies the equation A¢ = A&, then we have

(Vieuajj) A a= L aforalli € U and

(Vieyaj) A a=0forallie N- U.

3.2 CHARACTERISTIC ROOTS OF LATTICE MATRICES

Definition
LetA e M,(L)and A € L. If Asatisfies Av b=Ad v c ,then Ais called characteristic
root or characteristic value of A.
Theorem 3.2.1
Let Ae(L) and S be the set of all characteristic roots of A. Then S is a sublattice
of L.
Proof.
LetA, u€eS. ThenAvb=AdvcanduVvb=udV c.
Now
(AVvuvb=(Avb)V (uV b)

=(Advc)V (udV c)

=(AdVvud)Vc

=(AvuwdVec,
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(Au) v b = (AVDb)(u V b)

=(Ad Vv c)(ud v c)

= (Adud) v c

=(Auw) d V c.

Therefore, A v u, Au € S. Hence, the set of all characteristic roots of A is a
sublattice of L.
Corollary 3.2.2
Let AEMy(L). Then the set of all characteristic roots of A is a subset of the set of

all eigenvalues of A.

In 1998, Tan proved the existence of the least element and the greatest element

for the set of all characteristic roots of A by the following theorem.

Theorem 3.2.3
Let A€ M, (L). Then the set of all characteristic roots of A is
[(b-c)V(c—b),dVc]={A€L|(b-c)V(c—b)<A<dVc}
, Where dvc=eTAre.
For simplicity,
the greatest and the least characteristic roots of A are denoted by R¥(A4) and r'(4),
respectively. Thus,
Rv(A)=dVc
= eTAre and
ri(A)=(b—-c)V (c-Db)
Definition:Nilpotent Lattice Matrix
A square matrix (mxm)is called nilpotent if A™=0
EXAMPLE

0 1 0y /0 0 1
(0 0 1), (O 0 1)
0 0 0/ \0 O O

27




Linear combination of nilpotent matrices are nilpotent

Theorem 3.2.4
Let A€ My (L). Then A is nilpotent if and only if the only characteristic root of A
is 0.
Proof.
First assume that A is nilpotent. Then A" = 0. Therefore,
RY(A) = eTAre
=eT0e
=0.
Hence, the only characteristic root of A is 0.
Conversely assume that the only characteristic root of A is 0.
Then
RY((A) = eTAre
=V <i<n a™;; = 0.
Therefore
aij=0,fori,j=1,2,...,n
That is, An = 0.

Hence is nilpotent.

Definition: ldempotent Lattice Matrix
A square matrix (mxm)is called nilpotent if A"=A
EXAMPLE

1 1 1 1 0 0
(0 0 0>, (1 1 O)
0 0 1/ \0 O O

Linear combination of Idempotent matrices are Idempotent

Theorem 3.2.5
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Let AEM,(L) be an idempotent matrix.Then the greatest characteristic root of A
iS V1<ij<n a1
Proof.
We have RY(A) = eTAne
=V <i<na™; .hence,the proof is complete.
Remark
Let A€ M, (L) be idempotent. Then 0 need not be a characteristic root of A.
Example
Consider the lattice L = {0, a, b, c, d, 1} It is easy to see that L is a distributive

lattice.

Let A= [Z ‘;] € Ma(L).
Then A? =[Ccl Z] = A.

Hence, A is idempotent.
Now the characteristic roots of A are those values of A satisfying

AVc=(AAc)vVa=>1=b,c.

Remark
Let A, B €My (L). Then the characteristic roots of AB and BA need not be the

Same.

Example
Consider the lattice L = {0, a, b, c, d, 1} It is easy to see that L is a distributive
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lattice.

b c
d 1

B:[ ] e My(L).

Then AB = [0 C]

1 1

and BA :[2 ccl]

The characteristic roots of AB are those values of A satisfying
AVO=(AAlvVvc

=>A=AVc

=>1=¢1

The characteristic roots of BA are those values of A satisfying
Ava=(AA1)Vvc

=>AVa=AVc

=>A=b,c1

Theorem 3.2.6
Let AEMy(L). Then the characteristic roots of A and AT are the same.
Proof:
R (AT)=eT (AT)ne
=eT (A")Te
= (7 (4)e)"
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=elAre
=Rv (4),
and similarly
ri(AT) = ri(A).

Therefore, the characteristic roots of A and AT are the same.

Theorem 3.2.7

Let AEMy(L). Then the set of all characteristic roots of A is L if and only if b=c
and d=1.
Proof.
First assume that the set of all characteristic roots of A is L.
Then , we have
'4) = (b—c)V (c-b)
=0
=>b-c=0,c—b=0
=>b<cc<h
= b=c,
R (A)=dVc
=1
=>dvb=1
= d=1.
Hence b=c and d=1
Conversely assume that b=c and d=1.Then characteristic equation may be
written as
AVb=AdVc
=>AVb=A1Vb,

which is true for all A€L.
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Hence, the set of all characteristic roots of A is L.

Theorem 3.2.8

Let AEMy(L). Then 0 is a characteristic root of A if and only if b=c.
Proof.

First assume that O is a characteristic root of A. Then,
Ovb=0dVc

=b=c.

Conversely assume that b=c. Then,

AVb=AdVb

= (AVb) (dVvb)

= (Avb) d

= (AVb) <d,

which is true when A1=0 .

Hence, 0 is a characteristic root of A.

Definition

Let A, B € My(L). If there exists an invertible matrix P€(L) such that B=P AP,

then B is said to be similar to A.

Let A, B € M, (L). If there exists an orthogonal matrix Q € (L) such that B=Q*AQ,

then B is said to be orthogonally similar to A.

Note that, If B is similar to A, then A is similar to B. B being similar to A is the

same as B being orthogonally similar to A.
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4. DETERMINANT AND RANK OF A LATTICE MATRIX

4.1 THE RANK OF A LATTICE MATRIX
In this section, we introduce the concept of rank of a lattice matrix and discuss
some of its properties. For any we use the notation a > b to denote b < a and
b+a
Definition: Permanent of a matrix
For AEMn(L). , the permanent |A| of A is defined as

|AI= Vges, @16(1)220(2)-na(n)

Snh denotes the symmetric group of all permutations of the indices{1,2,...,n }

Let us use the following notations
St = {o€S,|o is even}

S, ={o€S, |0 is odd}

Now the semi-permanants of AEM,(L) are defined as follows:

pn(4) = \/ A16(1)A20(2)--Ano (n)

ogeSy

qn(A) = \/ A165(1)A206(2)--Ano (n)

O€S,

Let A € My(L).

Then the determinant of A is defined

(Pn (A) = qn(A)V (qn(A) — pn (A))
and is denoted by D(A) .
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Definition

Let A€ M, (L). The permanent rank of a nonzero matrix A is the greatest
integer k for which there exists a —(k X k)submatrix B of A such that |B|> 0. The
permanent rank of is denoted by rank » (A). The permanent rank of zero matrix
is 0.

The determinant rank (or rank) of a nonzero matrix is the greatest integer
k for which there exists a (k x k)-submatrix B of A such that D(B) >0. The rank

of A is denoted by rank(A) . The rank of a zero matrix is 0 .

Theorem 4.1.1
Let AB € M, (L). Then

a) rank(A)< ranke (A)
b) rank(A)< rankr (A)
c) rank(AB)< min{rank(A), rank(B)}

Proof
(a) We have D(A)<| A| . Hence rank(A)<rank , (A) .

(b) Let rank(A) = k . Then there exists a (k X k)-submatrix B of A such that
D(B) >0 . By Corollary 4.6, we get rank(A) = k = rank(B) = rank ¢ (B) <rank
(A) .

Hence rank(A)< rank g (A)

34




4.2 THE COLUMN RANK, ROW RANK AND FACTOR RANK OF A
LATTICE MATRIX

In this section, we generalize the concepts and propositions for Boolean

matrices in [8] to the case of lattice matrices.

Let be a distributive lattice with 1 and 0, and be the set of all column vectors
(n -vectors) over L . Denote 8=(1,1, 0....,1)"and 0=(0,0,...,0)T € V(L).
We endow V(L) with the following operations:
Forx = (x4, %2, 0, X)T, ¥ = (Y1, V2, e, V) T €V, (L) and aeL, define
Addition: X Vy = (x;Vyy, x,Vy5, ., ,VY,)T
Scalar multiplication: aX = (ax,, ax,, ..., ax,)T
Then V(L) has the properties of a linear space except for the lack of additive
inverse for non-zero elements. We call the elements of V(L) as lattice vectors(or
L simply -vectors) and the elements of L as scalars. )

In this paper, a space means an L -space and a vector means an L -vector.

Lemma 4.2.1

For xeV, (L) and aeL, we have

=l
Il
ol

@ o
b a

<l
I
=1}

Let S be a non-empty subset of ;,(L) . Then S is a subspace of V,,(L) ifitis

closed under addition and scalar multiplication.

A vector is a linear combination of vectors X;, %, ..., X, , when there exists

scalars such that y = V<< a; X;.

Let § = S(X;,X,, ..., X, )be the set of all possible linear combinations of the
vectors X, X5, ..., Xx. Then S is a subspace of V(L) and is called the linear span

of the vectors . Here {X,,X,, ..., %;}is a spanning subset of S. Among the
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spanning subsets of S, the one with the smallest cardinality, d , are bases of S ;

The dimension of S is that number d . The dimension of the zero space is zero.

Let A € M,,, ,(L) . Then the column space A of is the linear span of the set of all
columns of A and is denoted by C(A) . The row space of is the linear span of the
set of all rows of A and is denoted by (A) . The dimension of C(A) is called the
column rank of and is denoted by rank.(A). The dimension of R(A) is called the

row rank of and is denoted by rankg(A).

It is known that rank.(A) # rankgz(A), in general case. This is demonstrated in

the following example.
Example

Consider the lattice L={0,f,g,h,i,1} , whose diagrammatical representation is as

follows:

It is easy to see that is a distributive lattice with O and 1 .

0 f g
f h h}EME;(L)
i h h

Let A=

Then the column space C(4) IS spanned by the
vectors {(0, f, )T, f,h,hT, (g, h, h)T} and this is a minimal spanning subset of
C(A). Therefore, rank.(A) = 3

Now the row space is spanned by the vectors {(0, f,i)7, f, h,hT, (g, h, h)T}. But,
this is not a minimal spanning subset of . We can see that
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©,f, DT, f,h,hT,(g,h,K)T} is a minimal spanning subset of R(A).
Therefore, rankz (A) =2.

Let /Tj be the j™ column of M,,,,,(L) . Then the matrix A can be written as

-

A=[4; .4 .. A,).

Theorem 4.2.2

(). Let A€ M, ,(L) and B € M,,, ,(L) . Then C(A)=C(B) if and only if A=BU
and B=AV, for some U € My ,(L),V € M, ,,(L).

(b). LetA € M, ,(L) and B € M, ,(L) . Then R(A)=R(B) if and only if A=UB
and B=VA, for some U € M, ,(L),V € My ,(L).

Proof.

(a) First assume that C(A)=C(B)

Then /Tj € C(B),1 <j < n. Therefore, /Tj = Vi<i<k uljﬁj 1<j<n.
Let U=(u;;), 1 <1 < k1 <j < n Thus we get A=BU where U € M;,,(L)

Also, B, € C(A),1 < | < k. Therefore, B, = Vg vjA; 1< 1< k.
Let V=(v;;),1<j <n,1 <1< k Thus we get B=VA where V€ M, , (L)

Conversely assume that A=BU and B=AV, for some U € M, ,(L),V € M,, . (L).

-

Then for 1<j<n, , A= Vlslskuljﬁj and for 1<I[< k§l =
Vi<i<k Vi1 A Therefore, 4; € C(B),1<j<n and B, € C(4),1 <1< k.Thus
C(A) € C(B) and C(B) < C(A) Hence C(A) = C(B)

Similarly we can prove (b)
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4.3 THE DETERMINANT OF A LATTICE MATRIX

Let L be a dually Brouwerian, distributive lattice with the greatest element
1 and the least element O , respectively. In this section, we introduce the

determinant of a matrix over L , using the semi-permanants.

Definition
Let A € V,(L).Then the determinant of A is defined

(Pn (A) = 4o (A)V (qn(A) — pn (A)) and is denoted by D(A) .

We have
D(A) = (pn (A) — qu(A)V (gn(4) — pn (4))
(Pn (AVqn(A)) — (qn(A) Apy (4)) (by Lemma 2.1(F))
< p, (A)Vq,(A) (by Lemma 2.1(b)).
Therefore, D(A) <| A| .

If L isaBoolean lattice, then D(A) = (p, (4A) A q,,(A)V (q,(A) A by, (A))

Now we discuss some properties of the determinant of a lattice matrix.

Theorem 4.3.1

Let A& M, (L) . Then D(A) =0ifand only if ( p, (4) = q,(4).

Proof.

We have

D(A) =0iff py (A) — q,(A)V (qn(A) —pn (A)) =0
iff pn (A) — 4,.(4) =0, gn(4) — pn (A)=0

iff p, (4) < qn(4) , qn(4) < py (4) (by Lemma 2.1(c))

38




iff p, (A) = qn(4)

Theorem 4.3.2

Let A€ My (L)andA € L. Then

(a). D(A) =D(A")
(b). if B is the matrix obtained from A by interchanging 4; and 4; , then
D(B) = D(A)
(c). if B is the matrix obtained from A by replacing 4; by A4;, then D(B) < A
D(A)
(d). if two columns of A are identical, then. D(A) =0

Proof.

(a) We have

D(AT) = (pn (AT) — qn(AN)V (g (A7) — pn (A7)
=(pn (A) = 40 (A))V (qn(4) — py (A)) (by Lemma 2.4(b))
= D(A).

(b) We have
D(B) = (pn (B) - Qn(B))V (Qn(B) — Pn (B))
= (qn(4) = pn (A))V (pr (4) — qn(4)) (by Lemma 2.4(c))
= D(A).

(c) We have
D(B) = (pn (B) = qn(B))V (qn(B) — pn (B))
=(Apy (A) = A4, (A)V (Aqn(A) — Apy (4))
< Apn (A) = qn(A))VA (qn(A) — pn (A)) (by Lemma 2.4(d))

S A((Pn (A) — qn(A))V (gn(4) — pn (4)))
< AD(A).
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(d) We have p,, (A) = q,,(A4) . Therefore, D(A) =0.

Theorem 4.3.3
Let A€ M, (L) and Eievn(L) , 1< I< k. Suppose that each column of the

matrix A is a linear combination of §i 1< I<k.Then D(A) = 0, provided that k

<n.

Proof.

Suppose that 4; = V<1< ; B; , for some 1< j< n . Then

pn (A)=p, ([/Tl /T] .../Tn])

=p, ([41 - Vicisk Ui B; ... ﬁn])
=Vi<1c kUi Pn ([Ay By . A3])

~

Similarly

- —

similarly g, (A) —p, (4) < Vi<i<iw; D([4; ... B; ...
Therefore D(A) < V<1< xu; D([4; ... B; ... 4,])

)
3

| —
N—r

Since this chain can be continued with the use of analogous reasoning

applied to each column of the matrix A , we find that D(A) is less than or equal
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to some linear combination of the determinants of the square matrices constructed
from {B , 1< I< k }Since k < n , the determinants of such matrices contain

identical columns and therefore are equal to zero. Hence, D(A) = 0.

Theorem 4.3.4
Let A€ M, (L) .Ifrank;(A)<n,thenD(A)=0.

Proof.
Letrank ¢ (A) = r <n. Then there exists §iev (L), 1< I<rsuch that each column

of the matrix A is a linear combination of B, 1< I< r. Hence from Theorem 4.4,
it follows that D(A) =0 .

Corollary 4.3.5

Let A& M, (L). If D(A) >0, then ranks (A) = rank; (A) =rank g(A) =n. .

Theorem 4.3.6
Let A, BE M, (L). Then D(AB) < D(A) A D(B) .

Proof.
We have D(AB) = (p, (AB) — . (AB))V (qn.(AB) — pn (4B))
Consider(p,, (AB) — q,,(AB)

=Vgest(AB)151)(AB)26(2) - (AB)nom) —

Veest(AB)15(1)(AB)26(2) - (AB)no(n)

=Vaes,;r (Visk,<ky..<n @1k, A2k, - Anic, Dr,o(1)Piyo(2) - bkna(n)) -
Voess (Visk,<k,..<n @ik, A2k, - Ank, Dk, 0(1)Pkyo(2) - Diyo(m))

<Vi<k,<k,..<n A1k, A2k, - ankn(Vaes;;( bkla(l) bkza(z) bkna(n)) -
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Voess (b o(1)bryo(2) -+ Do)
<Vzes, Q17(1) @27(2) -+ nrn) Voest (bryo@)br2)o2) -+ brmysm))
Voesz (bryoybr2)o(2) + Prmyom)))
< Viest Q1z(1) Q212) - Cnrm) Voest (Pryo) Pr@yo@) - Pryom)
Voesz (bryoybr2)o(2) - Prmyom)))
V (Vzes: Qiz(1) @21(2) -+ nrn) Voes: (Dryo)br2)o@) - Dryom))
Voest(brnyo)br2)o2) - bryom))

< (Vgest Q1o(1) Q20(2) - Anom) (Voest (D1o@)b20(2) - Pnom)
Voesz (P1o(1)b260(2) -+ Prom)))
\ (Voes,; A16(1) A20(2) = Ano(n) (Vaesg( bi5(1)b26(2) -+ Prom)
Vaes;{( b1a(1) b20(2) bna(n)))

<pn (A) (Pn (B) — qn(B))V q,(A)(qn(B) — pr (B)).

Therefore,

Pn (AB) — qn(AB) <p,, (A)(pn (B) — qn(B))V q,,(A)(qn(B) — pr (B)).

Similarly, we can prove that

Pn (AB) — qn(AB) <py (B)(pn (4) — qn(A))V qn(B)(qn(4) — pn (4)).
qn(AB) — pn (AB) < pn (A)(qn (B) — pn(B))V qn(A)(pn(B) — qn (B))
qn(AB) — pn (AB) < pn (B)(qn (A) — pn(A))V qn(B) (Pn(4) — qn (A))

Hence,
D(AB)=(p,, (AB) — q,(AB))V(q(AB) — p,, (AB))
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< pn (A (Pn (B) — qn(B))V qn(A)(gn(B) — pn (B)))V(pr (A)(gn (B)
- pn(B))V Qn(A)(pn(B) —qn (B)))

< P (A((pn (B) — qn(B))V(qn(B) — pn (B)))IVqn(A)((pn(B) —
an (B))V((Qn (B) - pn(B)))

< (P AVG(A) A (P (B) = 4u(B))V(4n(B) — pn (B))) = |4] AD(B)
Also
D(AB)< |B| A D(A)

Therefore,
D(AB)< (|A|AD(B)) A(|B|A D(A))
<(|AJAD(A)) A(IB| A D(B))
<D(A) A D(B)

Hence, the proof is complete.

Theorem 4.3.7
Let A€ M, (L) be nilpotent. Then D(A) =0 .

Proof.
Assume that A is nilpotent. we have p (A) =q (A) =0
Hence D(A)=0.

Theorem 4.3.8
Let A€ M, (L) be triangular (upper or lower). Then D(A) =A1<j<n Qi; -

Proof
Assume that A is upper triangular. Then by Lemma 2.5(a), we have
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Pn (A) = A1<i<n @;; and g, (A) = 0 Hence D(A) =A1<i<n a;;
If A is lower triangular, then A is upper triangular. Hence by Theorem 4.3,
we get D(A) = D(AT) =A1<i<n Gy

Theorem 4.3.9
Let A€ M, (L)be invertible. Then D(A) =1.

Proof.

Assume that A is invertible. Then by Lemma 2.5(b), we have
pn (A) A g,(A)=0and p, (A)V q,,(4) =1. Hence

D(A) = (pn (4) — qn(A))V(qn(4) — p, (4))

:(pn (A)V qn(A)) - (qn(A) A Pn (A)) (by Lemma 2.1 (f)
=1

Theorem 4.3.10
Let A, BE M, (L) be similar lattice matrices. Then D(A) = D(B) .

Proof.
Let A, BE M, (L) be similar lattice matrices. Then by Lemma 2.5(c), we have
pn (A) = p, (B) and g, (4) = q, (B). Hence D(A) = D(B) .
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CONCLUSION

Since 1964, in which the notation of Lattice matrices appeared
firstly , a number of researchers have studied lattice matrices . The eigenproblems
and characteristic roots of matrices over a complete and completely distributive
lattice opened a new door for young researchers. In this project, algebra of Lattice
matrices is discussed wherein some basic properties of lattice matrices are
obtained.Also this project deals with the study of characteristic root of lattice
matrices and the determinant theory of Lattice matrices .It is also noted that lattice
matrices in various special cases become useful tools in various domains like the

theory of switching nets,automata theory and the theory of finite graphs.
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