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INTRODUCTION

Intopology,knottheoryisthestudyofmathematicalknots

whileinspiredknotswhichappearindailylife.Suchasthosein

shoelacesandrope,amathematicalknotdiffersintheendsarejoined

togethersothatitcannotbedone.Takeapieceofstring,tieaknotin

it.Nowgluetheendsofthestringtogethertoform aknottedloop.The

resultisastringthathasnolooseendsandthatistrulyknotted.Unless

weusescissorsthereisnowaythatwecanuntanglethestring.

Tomakeastudyofknottedness,theknottedpartofthestring

mustbetrapped.Onewaytodothisistoimagineaninfinitelylong

stringwhichisastraightlineoutsidetheregioncontainingtheknot.A

simplewaytojointheendstoform aloopinmathematicallanguage,a

knotisanembeddingofacircleinthreedimensionalspace.

Mathematicalknotsaremodelledonthephysicalvarietyandweallow

toknottobedeformedasifitweremadeofathin,flexible,elastic

thread.
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CHAPTER1

ELEMENTARYCONCEPTS

WHATAREKNOTS?

Aknotisjustsuchaknottedloopofstringexceptthatwethinkofthe

stringashavingnothickness,itscrosssectionbeingasinglepoint.The

knotis then a closed curve in space thatdoes notinteractitself

anywhere.Deformationofcurvewillbeconsideredtobethesameknot.

Thesimplestknotofallisjusttheunknottedcircle,whichwecallthe

UnknotortheTrivialknot.ThenextsimplestknotiscalledaTrefoilknot.

alloftheknotsareknowntobedistinct.Ifwemadeanyoneofthem out

ofstring,wewouldnotbeabletodeform ittolooklikeanyoftheothers

.therearemanydifferentpicturesofthesameknots.Wecallsucha

pictureofknotaprojectionoftheknot.

Theplaceswheretheknotcrossesitselfinthepicturearecalledthe

crossingsoftheprojections,figure-eightknotisafour-crossingknot.Ifa

knotistobenon-trivial,thenithadbetterhavemorethanonecrossing

inaprojection.
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BecauseeachoftheseisclearlyatrivialKnotaswecanthenuntwistthe

singlecrossinginterestinglyenough,thereareno two crossingnon

trivialKnot.

Knottheoryisasubfieldofanareaofmathematicsknownastopology.

Certaintypesofknotsareparticularlyinteresting.Onesuchtypeisan

alternatingknot,whichisaknotwithaprojectionthathascrossingthat

alternatebetweenoverandunderasonetravelsaroundtheknotina

fixeddirection.

E.g.-TrefoilKnot

COMPOSITIONOFKNOTS

Giventwoprojectionsofknots,wecandefineanew knotobtainedby

removingasmallarcfrom eachknotprojectionandthenconnectingthe

fourend points by two new arcs.We callthe resulting knotthe

compositionofthetwoknots.Ifwedenotethetwoknotsbythesymbols

JandK,thentheircompositionisdenotedbyJ#K.

Wechoosethetwoarcsthatweremovetobeontheoutsideofeach

projectionandtoavoidanycrossings.Wechoosethe2newarcssothey

donotcrosseithertheoriginalknotprojectionsoreachother.

We calla knota composite knotifitcan be expressed as the

compositionof2knots,neitherofwhichistrivialknot.Thisisinanalogy

tothepositiveintegers,neitherofwhichisequalto1.Theknotsthat
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makeupthecompositeknotarecalledfactorknots.Ifaknotisnotthe

compositionofanytwonontrivialknots,wecallitaprimeknot.

E.g.-trefoilknot,figure-eightknot.

Onewaythatcompositionofknotsdoesdifferfrom multiplicationof

integersisthatthereismorethanonewaytotakethecompositionof

twoknots.itisoftenpossibletocompositionoftwoknots.itisoften

possibletoconstructtwodifferentcompositeknotsfrom thesamepair

ofknotsJandK.Wefirstneedtoputanorientationonourknots.An

orientationisdefinedbychoosingadirectiontotravelaroundtheknot.

Thusdirectionisdenotedbyplacingcoherentlydirectedarrowsalong

theprojectionoftheknotinthedirectionofourchoice.Wethensaythat

theknotisoriented.

Whenwethenform thecompositionoftwoorientedknotsJandK,there

aretwopossibilities.EithertheorientationonJmatchestheorientation

onKinJ#K,resultinginanorientationforJ#K,ortheorientationJandK

donotmatchupinJ#K.Allofthecompositionsofthetwoknotswhere

theorientationsdomatchupwillyieldthesamecompositeknot,and

viceversa.

A knotisinvertibleifitcanbedeformedbacktoitselfsothatan
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orientationonitissendtotheoppositeorientation.

REIDEMEISTERMOVES

Supposethatwehavetwoprojectionsofthesameknot.Ifwemadea

knotoutofstringthatmodelledthefirstofthetwoprojectionthatwe

shouldbeabletorearrangethestringtoresemblethesecondprojection.

Knottheoristscalltherearrangingofthestring,thatis,themovementof

thestringthroughtree-dimensionalspacewithoutlettingitpassthrough

itself,anambientisotopy.

Adeformationofaknotprojectioniscalledaplanarisotopyifitdeforms

theprojectionplaneasifitweremadeofrubberwiththeprojection

drawnhere.

Areidemeistermoveisoneofthethreewaystochangeaprojectionof

theknotthatwillchangeaprojectionoftheknotthatwillchangea

projectionoftheknotthatwillchangetherelationbetweenthecrossing

.Thefirstreidemeistermoveallowsustoputinortakeoutatwistinthe

knot,asinthegivenfigure.

Thesecondreidemeistermoveallowsustoeitheraddtwocrossingsor
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removetwocrossings.Thethirdreidemeistermoveallowsustoslidea

strandoftheknotfrom onesideofacrossingtotheothersideofthe

crossing

Thefigure-eightknotisknowntobeequivalenttoitsmirrorimage,that

is,theknotobtainedbychangingeverycrossing.Incidentally,aknotthat

is equivalent to its mirror image is called amphicheiral by

mathematiciansandachiralbychemists.

LINKS

Alinkisasetofknottedloopsalltangleduptogether.Twolinksare

consideredtobethesameifwecandeform theonelinktotheotherlink

withouteverhavinganyoneoftheloopsintersectitselforanyofthe

otherloopsintheprocess.Hereare2projectionsofoneofsimplest

links,knownasthewhiteheadlink.

Sinceitismadeupoftwoloopsknottedwitheachother,wesaythatitis

alinkoftwocomponents.Hereisanotherwell-knownlinkwiththree

components,calledtheBorromeanrings.Thislinksisnamedafterthe

Borromeas,anItalianfamilyfrom therenaissancethatusedthispattern

ofinterlockingringsontheirfamilycrest.
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Wecallthefirstoftheseunlink(ortriviallink)oftwocomponentsand

thesecondtheHopflink.Onedifferencebetweenthesetwolinksisthat

theunlinkissplittablesinceitstwocomponentsdon’tlinkeachother

and can be separated by a plane.Butin the hopflink,the two

componentsdo linkeach otheronce.Wewould linka method for

measuring numericallyhow linked up two componentsare.Wewill

definewhat'sknownaslinkingnumber

Wesaythatthelinkingnumberisaninvariantoftheorientedlinkthatis

oncetheorientationsarechosenonthetwocomponentsofthelink,the

linkingnumberisunchangedbyambientisotopy.Itremainsinvariant

whentheprojectionofthelinkisaltered.Thisisoneofmanyinvariants

we willlook.Anotherinvariantoflinks is simply the numberof

componentsinthelink.Itisunchangedbyambientisotopesofthelink.

AlinkiscalledBrunnianifthelinkitselfasnon-trivial,buttheremovalof

anyofthecomponentsleavesuswithasetoftrivialunlinkedcircles.

TheselinksarenamedafterHermannBrunn,whodrewpicturesofsuch

linksin1892.

TRICOLORABILITY

Wehavediscussedalotabouttellingknotsandlinksapart,butactually

wehavenotyetshownthemostbasicfactofknottheory.Wehavenot

yetprovedthatthereisanyotherknotbesidestheunknot.Sowewill
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provethatthereisatleastoneotherknotbesidestheunknot.Wewill

provethatthetrefoilknotisnotequivalenttotheunknot.Inordertodo

that,weneedtointroducetheideaoftricolorability.

Wewillsaythatastrandinaprojectionofalinkisapieceofthelinkthat

goes from one undercrossing to anotherwith onlyovercrossing in

between.Wewillsaythataprojectionofaknotorlinkistricolorableif

eachofthestrandsinprojectioncanbecoloredoneofthreedifferent

colors,so thatateach crossing eitherthree differentcolorscome

togetherorallthesamecolorcomestogether.Inorderthataprojection

betricolourable,wefurtherrequirethatatleasttwoofthecolorsare

used.

SinceReidemeistermovesleavethecolorabilityunaffected,whetheror

notaprojectionistricolorabledependsonlyontheknotgivenbythe

projection.Eitherevery projection ofa knotis tricolorable orno

projectionofthatknotistricolorable.Forinstance,everyprojectionof

thetrefoilknotistricolorable.Sincetheusualprojectionoftheunknotis

nottricolorable,itmustbethecasethatthetrefoilknotandtheunknot

aredistinct.
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CHAPTER2

TABULATINGKNOTS

 THEDOWKERNOTATIONFORKNOTS

TheDowkernotationisanextremelysimplewaytodescribeaprojection

ofaknot.First,startwithanalternating knot.Supposewehavea

projectionofalternating knotthatwewantto describe.Choosean

orientationontheknot,givenbyplacingcoherentlydirectedarrows

alongtheknot.Pickanycrossingandlabelit1.Leavingthatcrossing

alongtheunderstrandinthedirectionoftheorientation,labelthenext

crossingthatyoucometowitha2.Continuethroughthatcrossingon

thesame strand oftheknot,and labelthe nextcrossing with a3.

Continuetolabelthecrossingwiththeintegersinsequenceuntilyou

havegoneallthewayaroundtheknotoncewhenyouaredone,each

crossingwillhavetwolabelsonitastheknotpassesthrougheach

crossing twice.Each crossing has one even numberand one odd

numberlabellingit.

 CONWAY'SNOTATION

WeintroduceanotationforknotsduetoJohnHConway.Thiswasthe

notation he used in orderto tabulate the prime knots through 11

crossingandprimelinksthrough10crossingin1969.TheConway

notationhasbeenutilizedinordertoprovenumbersresultsandrecently

has been applied to knotting in DNA.Itis particularly suited to

calculationsinvolvingwhatarecalledtangles.

Atangleinaknotorlinkprojectionisaregionintheprojectionplane

surroundedbyacirclesuchthattheknotorlinkcrossesthecircle

exactlyfourtimes.Wewillsaytwotanglesareequivalentifwecanget
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from onetotheotherbyaReidemeistermovesequencewhilethefour

endpointsofthestringsinthetangleremainfixedandwhilethestrings

ofthetangleneverjourneyoutsidethecircledefiningthetangle.Ifthe

rationaltangleisrepresentedbyanevennumberofintegers,wecan

thinkofconstructingitbysimplestartingwithtwoverticalstringsand

then twisting the two bottom end points around each othersome

numberoftimes,whileholdingthetoptwoendpointsfixed.similarlyif

therationaltangleisrepresentedbyanoddnumberofintegers,wecan

constructitbystarting with two horizontalstrings and alternately

twistingthetworight-handendpointsappropriately,followedbytwisting

thetwobottom endpointsappropriately.

Amazinglyenough,thereisanextremelysimplewaytotelliftworational

tangles are equivalent.Suppose thattwo tangles are given bythe

sequencesofintegers-232and3-23.Wecomputethesocalled

continuedfractionscorrespondingtotheseintegers.Ifwecloseoffthe

endsofarationaltangle,wecalltheresultinglinkarationallink.Sofor

instance,thefigure-eightknotisarationalknot,withrationaltangle22.

Wecanuseournotationforrationaltanglestodenotethecorresponding

rationalknot.WecallthisnotationConway'snotation.

 KNOTSANDPLANARGRAPHS

Weintroduceanotationforknotprojectionsthathasbeenusefulinthe

pastforknottabulation.Itprovidesabridgebetweenknottheoryand
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graphtheory,withthepotentialforcommerceinbothdirections.Here

weareinterestedinplanargraphs,thatis,graphsthatlieintheplane.

From aprojectionofaknotorlink,wecreateacorrespondingplanar

graphinthefollowingway.Firstshadeeveryotherregionofthelink

projectionsothattheinfiniteoutermostregionisnotshaded.

Putavertexatthecentreofeachshadedregionandthenconnectwith

anedgeanytwoverticesthatareinregionsthatshareacrossing.This

isthegraphcorrespondingtoourprojection.Itdoesn’tdependinany

wayonwhetheracrossingisanovercrossingoranundercrossing.So

wedefinecrossingstobepositiveornegative.Nowwelabeleachedge

intheplanargraphwitha+ora– dependingonwhethertheedge

passesthrough+or–crossing.Wecalltheresultasignedplanargraph.

Wenowhaveawaytoturnanylinkprojectionintoasignedplanargraph.

Certainly,wecanturnanysignedplanargraphintoaknotprojection.

Starting with the signed planargraph putan xacross each edge.

Connecttheedgesinsideeachregionofthegraph.Shadethoseareas

thatcontainavertex.Then,ateachx’sputinacrossingcorresponding

towhethertheedgeisa+ora–edge.Theresultisalink.
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CHAPTER3

TYPESOFKNOTS

 TORUSKNOT

Wecallacurvethatrunsoncetheshortwayaroundthetorusameridian

curve.Acurvethatrunsoncearoundthetorusthelongwayiscalleda

longitudecurve.Thetrefoilknotwrapsthreetimesmeridionallyaround

thetorusandtwicelongitudinally.Everytorusknotisa(p,q)-torusknot

forsome pairofintegers.In fact,the two integerswillalwaysbe

relativelyprime.

Ifwewanttodrawa(p,q)-torusknot,wejustplaceppointsaroundthe

insideandoutsideequatorsofthetorus,attachtheinsideandoutside

pointsdirectlyacrossthebottom ofthetorus,andthenattacheach

outsidepointtotheinsidepointthatisclockwiseqpointsahead,usinga

strandthatgoesoverthetopofthetorus.Infact,every(p,q)-torusknot

isalsoa(q,p)-torusknot.Sayforinstancethatwehavethetrefoilknot,

whichwehaveseenisa(3,2)-torusknot.A (p,q)-torusknothasa

projectionwithp(q-1)crossingandaprojectionwithq(p-1)crossings.

Therefore,thecrossingnumberfora(p,q)-torusknotisatmostthe

smaller of p(q-1) and q(p-1) .It has recently been proved by

KunioMurasugioftheuniversityofTorontothatinfactthesmallerofp(q

-1)andq(p-1)isexactlythecrossingnumberofa(p,q)-torusknot.
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Asolidtorusisadoughnutwhereweincludeboththeinteriorofthe

doughnutaswellasthesurface.Thecorecurveofasolidtorusisthe

trivialknotthatruns once around the centre ofthe doughnut.A

meridionallydiskofthesolidtorusisadiskinthesolidtorusthathasa

meridiancurveasitsboundary.

Wecangeneralizethenotationofatorusknot.Bydefinition,atorus

knotis a non-trivialknotthatcan be placed on the surface ofa

standardlyembeddedtoruswithoutcrossingoverorunderitselfonthe

surface.Bystandardlyembedded,wemeanthatthetorusisunknotted

inspace.Butcertainly,therewillbeknotsthatcannotbeplacedona

standardlyembeddedtorusbutthatcanbeplacedonastandardly

embeddedgenustwosurface.

Forlackofabettername,let’scallthese2-embeddedknotssincethey

canbestandardlyembeddedgenustwosurface.Forinstance,thefigure
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-eightknotisa2-embeddableknot.Moregenerally,wewillsaythata

knotK isann-embeddableknotifK canbeplacedonagenusn-

standardlyembeddedsurfacewithoutcrossing,butKcannotbeplaced

onanystandardlyembeddedsurfaceoflowergenuswithoutcrossings.

 SATELLITEKNOTS

Asecondsetofknotthathasbecomeveryimportantinrecentyearsis

thesetofsatelliteknots.LetK1beaknotinsideanunknottedsolidtorus.

WenotethatsolidtorusintheshapeofasecondknotK2.Thiswilltake

theknotK1thatliesinsidetheoriginalsolidtorustoanew knotinside

theknottedsolidtorus.Wecallthisnew knotK3,asatelliteknot.The

knotK2 iscalledthecompanionknotofthesatelliteknot.Wealways

assumethatthecompanionknotisanon-trivialknot,sinceotherwise

theresultingsatelliteknotwouldjustbeK1backagain.Wealsoalways

assumethattheknotK1hitseverymeridionaldiskofthesolidtorus,and

itcannotbeisotopedtomissanyofthem.Wethinkofthesatelliteknot

asaknotthatstayswithinasolidtorusthathasacompanionknotasits

corecurve,justasasatellitestayswithinorbitaroundaplanet.

Thereisknottedtorusinspacethatmissesthesatelliteknot,lyinginthe

complimentofthe knot.In fact,this knotted torus is always an

incompressible,butprovingthiswilltakeasubstantialamountofwork.

Ifontheotherhand,wetaketheoriginalknotK1 tobeanunknot,but

sittinginsidethesolidtorustwistedup,thentheresultingsatelliteknot
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iscalledwhiteheaddoubleofthecompanionknot.Thenamerefersto

thefactthattheknotK1hereresemblesthewhiteheadlink.

IftheoriginalknotK1 isagainunknotted,butsittinginsidethesolid

torusthentheresultingsatelliteknotiscalledtwo-strandcableofthe

companionknot.It'sasifwehadacablethatrantwicearoundthe

companionknot.Again,thetwo-strandcablewillnotbeunique,aswe

canaddtwiststoit.

The operation offorming a satellite knotcan be thoughtofas a

generalizationoftheideaofcomposition.IfK1onlyhasonestrandthat

reacheslongitudinallyaroundthesolidtorus,thenthesatelliteknot

formedbyknottingthesolidtoruslikeK2isinfactthecompositeknot

K1#K2.

IftheknotK1thatwestartwithisatorusknot,thenwecalltheresulting

satelliteknotwithcompanionK2acableknotonK2.Wecanthinkofitas

taking a cable thatwraps around the knotK2 a totalofp times

meridionallyandq timeslongitudinally.Inonefieldofmathematics

calledalgebraicgeometry,themostprevalenttypesofknotsarecable

knots.Sometimesthecableknotsarecablesontorusknots.
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 HYPERBOLICKNOTS

Ahyperbolicknotisaknotthathasacomplementthatcanbegivena

metric ofconstantcurvature -1.Usually,we measure the distance

betweentwopointsP0(x0,y0,z0)andP1(x1,y1,z1)inthreespaceusingthe

formula

d(P0,P1)=√(x1-x0)2+(y1-y0)2+(z1-z0)2

ThismethodformeasuringdistanceiscalledtheEuclideanmetric.

Weareinterestedinthe3-dimentionalspace,sowecan'tdraw the

pictureslikewecouldofthesphere,planeandsaddle.ButtheEuclidean

metricfor3-spacethatwegavebeforeisanexampleofametricwith

curvaturezero.Itissocalledflatmetric,havingnocurvature,justlikethe

planeisflat.Themetricthatwewanttoputonthecomplimentofthe

knotisnotflat,butratherhascurvature-1.Thegeometrythatresultsis

calledthehyperbolicgeometryandthemetriciscalledhyperbolicmetric.

Thehyperbolic3-space,H3,isthesimplestexampleofthe3-dimensional

spacethathasahyperbolicmetric.AnyarcofacircleordiameterinH3

thatisperpendiculartotheunitsphereiscalledageodesicinH3.

Wecanusethehyperbolicmethodformeasuringdistancewithinthe

individualtetrahedralin orderto obtain a hyperbolic method for

measuringdistanceintheentireknotcompliment.Wethensaythatthe

knotishyperbolicknot.

Everyhyperbolicknothasahyperbolicvolume.Thisisapositivereal

numberthatcan becomputed outto asmanydecimalplacesare

needed.Itis simply the sum ofvolumes ofindividualhyperbolic

tetrahedrathatmakeuptheknotcomplimentoftheknot,asmeasured

byourhyperbolicmetric.Althoughitappearsthatthevolumeof3-space
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minustheknotwouldbeinfinite,itisinfactfinitewhenwemeasureit

using this hyperbolic method ofmeasuring volume.The hyperbolic

volumeisaninvariantforthehyperbolicknots,asitdependsonlyon

knotitselfandnotonanyparticularprojectionofknot.

 BRAIDS

Braidsarenotaparticulartypeofknot.Howevereveryknotcanbe

describebyabraid.Abraidisasetofnstrings,allofwhichareattached

toahorizontalbaratthetopandatthebottom.

Eachstringsalwaysheaddownwardsaswemovealonganyoneofthe

stringsfrom thetopbartothebottom bar.Anotherwaytosaythesame

thingisthateachstringintersectsanyhorizontalplanebetweenthetwo

barsexactlyonce.Wecanalwayspullthebottom bararoundandglueit

tothetopbar,sothattheresultingstringsform aknotorlinkcalledthe

closureofthebraid.Thereforeeverybraidcorrespondstoaparticular
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knotorlink.wecanthinkoftherebeinganaxiscomingrightoutofthe

page,aroundwhichtheclosureofthebraidiswrapped.Wethenhavea

closedbraidrepresentationoftheknotifthereisachoiceoforientation

ontheknotsothat,aswetraversetheknotinthatdirection,wealways

travelclockwisearoundtheaxiswithoutanybacktracking.

Wecanseetwoprojectionsofthetrefoilwithaxes,oneofwhichisnota

closedbraidarounditsaxis,andtheotherofwhichisaclosedbraid

arounditsaxis

Knotsandlinkscanberepresentedasclosedbraidseveryknotorlinkis

aclosedbraid.thiswasfirstprovedbyJ.W.Alexanderin1923.

Markov'stheorem saysthattwobraidsMarkovequivalentifandonlyif

theyarerelatedthroughasequenceofthethreeoperationsthatwehave

alreadyseen,whicharetheoperationsthatobviouslygiveusbackthe

sameopenbraid,andtwoadditionaloperations.Thefirstoperationis

calledtheconjugation.Thenextoperationiscalledstabilization.
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CHAPTER4

KNOTS,LINKSANDGRAPHS

 LINKSINGRAPHS

ThegraphK6,calledthecompletegraphonsixvertices,isthegraph

whereeveryoneofthesixverticesisconnectedtoeveryotheroneby

exactlyonedge.

Althoughthesetwographsareisomorphic,theyarenotisotopic,since

thereisnowaytodeform oneofthem throughspacestolooklikethe

other,withoutallowingedgestopassthroughthemselvesoreachother.

WecallapartitionwaytoplaceK6inspace,anembeddingofK6.

Let'scallatriangleinanembeddingofK6anysetofthreeconsecutive

edgesthatform atriangleinthegraph.Ifwechooseanythreevertices,

wecanform atrianglefrom theedgesconnectingthem.Wecanalso

form asecondtrianglefrom theremainingthreevertices.

EveryembeddingofK6containsatleastonepairoflinkedtriangles.No

matterhow weplaceK6inspace,therewillbealwaysalinkcontained

withinit.Evenifwechangetheembeddingbylettingoneedgepass

throughanotherspecificallyinordertodestroyalinkintheoriginal

embedding,wecan’thelpbuteithercreateanewlinkintheprocessorat

leastleaveanotherlinkintheembedding.
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Weneedawaytodistinguishembeddings,aso-calledinvariantforthe

embedding.SupposewehaveaparticularembeddingofK6.Eachpairof

disjointtrianglesintheembeddinghasalinkingnumberonceweorient

thetwo triangles.But,changing oncean orientation on oneofthe

trianglesonlychangesthesignofthelinkingnumber,nottheabsolute

value ofthe linking number.Since we don'twantto botherwith

orientations,wejustlookattheabsolutevaluesofthelinkingnumberfor

eachpairofdisjointtrianglesintheembedding.

AnygraphthatcontainingK6asthesubgraphwillalsocontainalinkin

anyembeddingofitintothree-space.Wesaythatagraphisintrinsically

linked.Ifithasthepropertythatanyembeddingofitinthree-space

containsanontriviallink.

WedefineanexpansionofagraphGtobeanewgraphobtainedfrom g

bysplittingavertexofG.Bythiswemeanreplacingaparticularvertexv

ofGbytwoverticesuandw connectedbyanew edge,andreplacing

eachoftheoldedgesthatendedatvbyanewedgethatbegins where

theoldedgebeganandendsateitheruorw.Therearelotsofchoices

forexpansionsevenifwehavealreadychosenthevertextoexpand.IfG

isintrinsicallylinked,soisanyexpansionofG.

 KNOTSINGRAPHS.

AHamiltoniancycleinagraphisasequenceofedgesinthegraphsuch

thatanytwoconsecutiveedgesshareavertex,thelastedgeandthefirst

edgeshareavertex,andeveryvertexishitbyapairofconsecutive

edgesexactlyonce.TogethertheedgesintheHamiltoniancyclemake

upaloopinthegraphthattakehitseveryvertexexactlyonce.Sucha

loopmaybeeitherknottedorunknotted.Inthesamepaperinwhichthey
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provedK6isintrinsicallylinked,GordonandConwayalsoprovedthatif

thegraphK7 isembeddedinspaceinanymannerwhatsoever,itwill

alwayscontainaHamiltoniancyclethatisknotted.

TofindanembeddingofK7containingnotrefoilknots:Firstweneedto

lookatanewinvariantforknotsandlinkscalledtheArfInvariant.Like

thevariableV wedefineintheearliersections,thearfinvariantwill

alwayshaveavalue0or1.Thereareseveralwaystodefinethearf

invariant.WetakeapointofviewduetoLouisKauffman.Let'sdefinea

pass-movetobeachangeinaprojectionasinthefigure.

Apairofoppositelyorientedstrandscanbepassedthroughanotherpair

ofoppositelyorientedstrands.Suchamovecertainlycanchangethe

knotthatwearedealingwith.Wecalltwoknotspassequivalentifthere

existsasequenceofpass-movesthattakesusfrom theoneknottothe

other,wherewecanrearrangetheprojectionoftheknotanywaythatwe

wantaftereachpass-move.

Everyknotispassequivalenttoacompositionoftrivialknotsandtrefoil

knots.However,sincethecompositionofanyknotKwiththetrivialknot

justgivestheknotKbackagain,wehaveshownthateveryknotispass

equivalenttoeitherthetrivialknotsoracompositionoftrefoilknots.

Lefthandtrefoil,appearingintheparticularprojectionshownhere,we

canobtainitsmirrorimagebypassingalloftheoverlappingbands

througheachother.
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Wewillnowdefinethearfinvarianta(K)ofaknotKtobe0iftheknotis

passequivalenttotheunknotandtobe1,ifthepassequivalenttothe

trefoilknot.

Thearfinvarianthasoneveryniceproperty,namelyifK+,K-andLare

projectionsthatareidenticaloutsidetheregionshown,andifK+andK-

areknots,whileLisatwo-componentlinkwhereeachofthestrands

showninthepictureofLcorrespondstoadistinctcomponent,thenthe

arfinvariantsofthetwoknotsarerelatedthroughequation

a(K+)=a(K-)+lK(L1,L2)

EveryembeddingofK7 containsaknottedHamiltoniancycle.Givena

particularembeddingofK7 wefirstdefineω tobethesum oftheArf

invariants summing overeveryHamiltonian cycle in the graph.We

actuallydon’tcareaboutω itself,butrather,wecareaboutwhetheritis

oddoreven.ThereforewedefineΩtobe0ifωisevenandtobe1ifωis

odd.Conwayand Gordon prove that a crossing change leaves Ω

unaffected.SinceΩisunaffectedbycrossingchanges,Ωmustbethe

sameforeveryembeddingofK7.inparticularifΩ=1foranyspecific

embedding,Ω=1foreveryspecificembedding.Infactitistediousbut

notdifficulttoshowthatfortheembeddingofK7alloftheHamiltonian
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cyclesexceptoneareunknottedandthelastHamiltoniancycleis a

trefoilknot.Hence Ω =1 forthis embedding and therefore forall

embedding.Finally,ifΩ =1,foreveryembedding,thenforagiven

embedding,itcannotbethecasethatalltheHamiltoniancyclesinthat

embeddingareunknotted.ThereforeeveryembeddingofK7containsa

knottedHamiltoniancycle.

In1988,MikiShimabaraprovedthatanyembeddingofthegraphK5,5

also containsaknotted Hamiltonian cycle.Thegraph K5,5 iscalled

bipartitegraphs.Itisobtainedbytakingtwosetsof5verticesand

attachingeachvertexinthefirstsettoeveryoneoftheverticesinthe

secondsetbyedges.

Wesaythatagraphisintrinsicallyknottedifeveryembeddingofthe

graphinthree-spacecontainsaknottedcycle.Notethatifagraph

containsasub graphthatisintrinsicallyknotted,it’salso mustbe

intrinsicallyknotted.



28

APPLICATIONS

KnotsTheoryinChemistry

TheMolecularchirality

Oneofthemostimportantcharacteristicsofaknotisitschirality.

Duringtheyears,alltheknotstheoristshavetriedtofindawayto

determinateit.Amoleculeissaidtobechemicallyachiralifitcanbe

changedintoitsmirrorimage.Otherwiseissaidtobechemicallychiral.

Thisisthedefinitiongiveninchemistry.Inmathematicsthereareother

twodefinitions,geometricalchiralityandtopologicalchirality

accordingtothecharacteristicsofthemolecule,respectivelyrigidor

flexible.

Establishingthetopologicalchiralityofamolecule

Thefollowingmathematicalmethodsareusedtofindoutifamolecule

istopologicalchiralornot.

Figure3.12:AmolecularM öbiusladder.

Method 1:Knotpolynomial.This method can be used when a

molecule is knotted.Differenttheorists tried to find ways to

distinguishwhetheraknotischiralornot.TheJonespolynomialis

theonlymethodwhichcanactuallydeterminatesuchdifference.

IndeedeverychiralknotanditsmirrorimagehavedifferentJones

polynomials.However,iftheJonespolynomialisthesameit

doesn’tnecessarilymeanthattheknotisachiral.Thatis,the
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Jonespolynomialisusefultoestablishtopologicalchirality,butnot

forprovingtopologicalachirality.Theonondisadvantageofthis

methodisthatnotallthemoleculesareknotted.Forexamplethe

Möbiu ladder(fig.3.12)doesn’tcontain anylink orknot.So

anothermethodisneededinordertoestablishifthismoleculeis

topologicallychiral.

KnottheoryinmolecularBiology

F.H.CCrickandJ.DWatsonisoneofthemostremarkableinsightsof

the20thcentury,unraveledthebasicstructureofDNA.Amoleculeof

DNAmaybethoughtofastwolinearstrandsinterwinedintheform ofa

doublehelixwithalinearaxis.AmoleculeofDNAmayalsotakethe

form ofaring,andsoitcanbecometangledorknotted.AsDNAhas

thestructureoftwolinearstrands,thishoweveristhenotonlypossible

structureofDNAandinwhatfollowsthenextdescriptionisprobably

moreeasytocomprehendinthecontextofknottheorytheinformation

theDNAmoleculecarriesthatisthearrangementofit’snucleotidebase

pair,isunrelatedtohowitisknotted.somaybeweshoulddismissthe

knotasusefultoolinmolecularbiology(withoutmuchsignificance).

How everrecentresearcheshasshownthattheknottypehasan

importanteffectontheactualfunctionoftheDNAmoleculeinthecell.

Thereforeusingknottheorytechniques,itmaybepossibletobring

furtherinsightintothestructureofDNAmolecule.Atpresenttheextent

knottheorymayfurtherhelpintheunderstandingofmechanism of

recombinationoftheDNAmolecule.
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CONCLUSION

Intheproject,aboutknots,theircompositionsandalsotheverities

ofknotshavebeenreviewed.Wealsodiscussedaboutthelinksand

graphs.Wehaveseenthatknottheoryhasmanyapplicationsasin

DNAsynthesis.Theoriginalmotivationforthefoundersofknottheory

wastocreateatableofknotandlinks,whichareknotsofseveral

componentsentangledeachother.Morethansixbillionknotsandlinks

aretabulated.Sincethebeginningofknottheoryisinthenineteenth

century.Astheknottheoryhavebeendevelopingandtheimportance

isalsoincreased.Thebasicknottheoryhasnumerousapplicationsand

wearestilltryingtoworkontheknottheoryinhigherdimensions.
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